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Abstract
We study a special case at which the analytical solution of the Lippmann-Schwinger integral
equation for the partial wave two-body Coulomb transition matrix for likely charged particles at
negative energy is possible. With the use of the Fock’s method of the stereographic projection
of the momentum space onto the four-dimensional unit sphere, the analytical expressions for
s-, p- and d-wave partial Coulomb transition matrices for repulsively interacting particles at
bound-state energy have been derived.
Keywords: partial wave transition matrix, Coulomb interaction, Lippmann-Schwinger equation, Fock
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1. Introduction
The Coulomb transition matrix (t-matrix), being a scalar function of the initial and final relative
momenta and the energy, provides all information about the system of two interacting charged
particles. The analytic properties of the Coulomb t-matrix have been discussed in the review
[1]. The availability of bound states for systems with oppositely charged particles leads to
the appearance of pole singularities of the corresponding Coulomb t-matrix at bound-state
energies with residues relating with wave functions of the bound states. In the case of likely
charged particles the Coulomb t-matrix has no energy poles. The analytic properties of the
Coulomb t-matrix, which in the case of short-range interaction potentials manifest themselves
as a singular branch point with a cut along the positive energy axis and related unitarity
conditions on and off the energy shell, are more complicated (see review [1]).
The knowledge of the two-body Coulomb transition matrix with the momenta off the energy
shell is especially important when studing properties of few=body atomic and nuclear systems
containing charged particles with the use of the Faddeev [2,3] and Faddeev-Yakuboskii [4]
integral equations. For such systems, Faddeev equations are known to become non-Fredholm
even below the decay threshold. The extraction of the main Coulomb singularity and the
regularization of three-body equations in this case were proposed by Veselova [5] with the help
of the known Gorshkov procedure for two-body systems [6]. The problem of regularization
of the integral equations for four-body systems containing charged particles was considered
in work [7]. Earlier information relative to the properties of the two-body off-shell Coulomb
transition matrix can be found in [1].
Several representations for two-body Coulomb transition matrix are known in the literature
[8-16]. Of special interest is the study of the Coulomb transition matrix with the use of the
Coulomb system symmetry in the Fock four-dimensional Euclidean space [17]. Earlier, the
Fock method was applied in Bratsev-Trifonov’s[10] and Schwinger’s [12] works in order to
derive the Coulomb Green’s function in the one-parameter integral form. Expressions for the
three-dimensional Coulomb transition matrix with explicitly singled out transfered momentum
and energy singularities were obtained in works [15] (for negative energies, E < 0) and [16]
(for zero and positive energies, E ≥ 0).
For the first time, a possibility to derive an analytical expression fortial wave two-body
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Coulomb transition matrices at the ground bound state energy was examined for oppositely
charged particles (with the attractive interaction) in the previous work [18]. In this work, on
the basis of the Fock method of stereographic projection of the three-dimensional momentum
space onto a four-dimensional unit sphere [17], the form of the partial wave Coulomb transition
matrices for a system of two likely charged bodies (with the repulsive Coulomb interaction) is
analyzed. The consideration begins in Section 2, where the expression obtained earlier in work
[14] for the three-dimensional Coulomb transition matrix at the negative energy is used. In
Section 3, a general expression for the off-shell partial wave Coulomb t-matrix at the negative
energy is derived. Section 4 is devoted to the study of the partial wave Coulomb t-matrix at
the ground bound state energy, and it is shown that a simple analytical expression for partial
wave t-matrix can be obtained in this case. Explicit analytical expressions for the s-, p- and
d-wave components of the Coulomb t-matrix are presented. Final remarks and conclusions are
made in Section 5.
2. Three-dimensional Coulomb transition matrix at the negative
energy with explicitly separated singularities
The three-dimensional Coulomb transition matrix 〈k|t(E)|k′〉 stisfies the inhomogeneous
Lippmann-Schwinger integral equation
< k|t(E)|k′ >= 〈k | v | k′〉+
∫
dk′′
(2pi)3
〈k | v | k′′〉 1
E − k′′2
2µ
< k′′|t(E)|k′ > . (1)
Here, the free term 〈k | v | k′〉 is determined by the Coulomb interaction potential
v(r) = q1q2/r, where qi is the charge of the i-th particle (i = 1, 2), and r is the distance
between particles 1 and 2. In the momentum space, this term looks like
〈k | v | k′〉 = 4piq1q2| k− k′ |2 . (2)
where k and k′ are relative momenta corresponding to the radius-vectors r and r′, respectively,
in the coordinate space. The kernel of the integral equation (1) is a product of the operator
of Coulomb interaction potential (2) and the free Green operator
< k|g0(E)|k′ >= (2pi)
3δ(k − k′)
E − k2
2µ
, (3)
where the quantity E is the total energy of the relative motion of particles 1 and 2, and
µ = m1m2/(m1 +m2) is their reduced mass.
In this work, the consideration is confined to the problem of Coulomb scattering of two
likely charged particles off the energy shell in case of negative energy
E = − h¯
2κ2
2µ
. (4)
The consideration is based on the solution on the integral equation (1) for the off-shell three-
dimensional Coulomb transition matrix with the explicitly separated singularities in the variables
of the transfer momentum and the energy, which was obtained by us early [14]:
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< k|t(E)|k′ >= 8piq1q2κ
2
(k2 + κ2)(k′2 + κ2) sinω
[
cot
ω
2
− piγ cos γω − γ sin 2γω ln
(
sin
ω
2
)
+2piγ c(γ) cot γpi sin γω + γ cos γω
∫ ω
0
dϕ sin γϕ cot
ϕ
2
(5)
+2γ2 sin γω
∫ pi
ω
dϕ sin γϕ ln
(
(sin
ϕ
2
)]
,
where γ
γ =
µq1q2
h¯2κ
, (6)
is the dimensionless Coulomb parameter, and h¯ is the reduced Planck’s constant. The variable
ω in Eq.(5) stands for the angle between two 4-dimensional unit vectors e ≡ (e, e0) and
e′ ≡ (e′, e′0) in the four-dimensional Euclidean space introduced by Fock [17]:
e =
2κk
κ2 + k2
, e0 =
κ2 − k2
κ2 + k2
e′ =
2κk′
κ2 + k′2
, e′0 =
κ2 − k′2
κ2 + k′2
; (7)
cos ø′ = e · e′ + e0 · e′0 . (8)
The three-dimensional vectors k and k′ lie in a hyperplane, which is a stereographic projection
of a sphere with the unit radius. The variable ω is determined by the relation
sin2
ω
2
=
κ2 | k− k′ |2
(k2 + κ2)(k′2 + κ2)
, 0 ≤ ω ≤ pi . (9)
The function c(γ) in Eq.(5) looks like
c(γ) =
1
2
(
1− 1
pi
∫ pi
0
dϕ sin γϕ cot
ϕ
2
)
(10)
or in terms of the digamma functions
c(γ) = θ(−γ) + sin γpi
2pi
[
ψ
( | γ | +1
2
)
− ψ
( | γ |
2
)
− 1| γ |
]
, (11)
where ψ(x) ≡ d/dx ln Γ(x) and Γ(x) are the digamma- and gamma-functions [18], and θ(x)
is the Heaviside step function,
θ(x) =
{
1 for x > 0 ,
0 for x < 0 .
The first three terms in the square brackets in Eq.(5) contain transferred momentum
singularities
| k− k′ |−2 , | k− k′ |−1 and ln
{
κ | k− k′ | /(k2 + κ2)1/2(k′2 + κ2)1/2
}
,
respectively. The other three terms in Eq.(5) are smooth functions of | k− k′ |.
The fourth term in expression (5) contains singularities in the energy. They arise only in
the case of attractive Coulomb potential (with opposite electric charges, q1q2 < 0), when the
Coulomb parameter γ accepts negative integer values corresponding to the spectrum of bound
states of a two-particle system with the energies E = En,
En = −µ(q1q2)
2
2h¯2n2
, n = 1, 2, 3, · · · . (12)
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According to EQS. (4) and (6), the corresponding values of the parameter κ and the Coulomb
parameter γ are equal to
κn =
√−2µEn
h¯
=
µ | q1q2 |
h¯2n
, γn =
µq1q2
h¯2κn
=
q1q2
| q1q2 |n , (13)
respectively. At these points γ = γn = −n, so that the function cot γpi has pole singularities,
and the function c(γ) differs from zero: c(−n) = 1.
In this case of repulsive Coulomb potential (γ¿0), the expression for c(γ) equals zero at
positive values of γ, c(n) = 0, and the fourth term in Eq. (5) is finite and equal to
ρ(γ) ≡ 2piγc(γ)
tan γpi
∣∣∣∣
γ→n
= ρn , (14)
where
ρn = 2nc
′(n), c′(n) = − 1
2pi
∫ pi
0
dϕ cosnϕ cot
ϕ
2
(15)
or, using the function β(x) = 1
2
[
ψ
(
x+1
2
)
− ψ (x
2
)]
,
ρn = (−1)n [2nβ(n)− 1] . (16)
The ultimate expression for ρn takes the form
ρn = (−1)n − 2n ln 2− 2n
n∑
m=1
(−1)m
m
. (17)
3. Partial wave component of the Coulomb transition matrix
at negative energy
Using the partial wave method and expanding the matrix elements of the Coulomb potential
and the transition matrix with a negative energy in series in Legendre polinomials Pl(x),
〈k | v | k′〉 =
∞∑
l=0
(2l + 1)vl(k, k
′)Pl(kˆ · kˆ′) ,
〈k | t(E) | k′〉 =
∞∑
l=0
(2l + 1)tl(k, k
′;E)Pl(kˆ · kˆ′) , (18)
where kˆ is a unit vector along the vector k, and kˆ · kˆ′ = cos θ, the one-dimensional integral
equation for the partial wave component of the transition matrix can be written in the form
tl(k, k
′;E) = vl(k, k
′) +
∫
∞
0
dk′′k′′2
2pi2
vl(k, k
′′)
1
E − k′′2
2µ
tl(k
′′, k′;E) . (19)
The inhomogeneous and the kernel of this equation contain a partial wave component of the
Coulomb interaction potential
vl(k, k
′) =
1
2
∫ pi
0
dθ sin θ Pl(cos θ)〈k | v | k′〉 . (20)
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According to definition (18), the partial wave component of the Coulomb transition matrix
tl(k, k
′;E) equals
tl(k, k
′;E) =
1
2
∫ pi
0
dθ sin θ Pl(cos θ) 〈k | t(E) | k′〉 . (21)
Taking into account that expression (5) for the three-dimensional Coulomb transition
matrix 〈k | t(E) | k′〉 depends on the angle ω between the unit vectors e and e′ in the
four-dimensional Fock space, it is convenient to go in Eq. (21) from the integration over the
angle θ between the vectors kˆ and kˆ′ to the integration over the angleω. From expression (9)
describing the relationship between the angles θ and ω, it follows that
cos θ =
ξ
η
− 1
η
sin2
ω
2
=
2ξ − 1 + cosω
2η
, sin θ dθ =
1
2η
sinω dω , (22)
where
ξ =
κ2(k2 + k′2)
(k2 + κ2)(k′2 + κ2)
, η =
2κ2kk′
(k2 + κ2)(k′2 + κ2)
. (23)
Then the formula (21) can be rewritten as
tl(k, k
′;E) =
1
4η
∫ ωpi
ω0
dω sinω Pl
(
2ξ − 1 + cosω
2η
)
〈k | t(E) | k′〉 . (24)
The integration limits in Eq. (24) are determined by the expressions
ω0 = 2arcsin
√
ξ − η , ωpi = 2arcsin
√
ξ + η , (25)
so that
cosω0 = 1− 2ξ + 2η , cosωpi = 1− 2ξ − 2η ,
sinω0 = 2
√
ξ − η
√
1− ξ + η , sinωpi = 2
√
ξ + η
√
1− ξ − η . (26)
Substituting expression (5) for the three-dimension transition matrix int Eq. (24), we
obtain the following formula for the partial wave Coulomb transition matrix tl(k, k
′;E) at
E < 0:
tl(k, k
′;E) =
piq1q2
kk′
∫ ωpi
ω0
dω Pl
(
2ξ − 1 + cosω
2η
){
cot
ω
2
−piγ cos γω − γ sin 2γω ln(sin ω
2
) + 2piγ c(γ) cot γpi sin γω (27)
+γ cos γω xγ(ω) + 2γ
2 sin γω yγ(ω)
}
,
where
xγ(ω) =
∫ ω
0
dϕ sin γϕ cot
ϕ
2
, yγ(ω) =
∫ pi
ω
dϕ sin γϕ ln
(
sin
ϕ
2
)
. (28)
The partial wave Coulomb transition matrix tl(k, k
′;E) is a function of three independent
variables k, k′ and E. The quantities ξ and η, as well as the integration limits ω0 and ωpi
in expression (27), also depend on those variables. The quantity κ is connected with the
energy E by the formula (4). By definition (6), the Coulomb parameter γ in expression (27)
depends on κ and therefore on the energy E. Note that in expression (27) for the t-matrix,
the Coulomb interaction intensity q1q2 is contained both in the factor before the integral and
owing to the Coulomb parameter γ [see Eq.(6)] in the terms in the curly braces in the integrand.
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4. Partial wave Coulomb transition matrices for likely charged particles
at the ground bound state energy
The expression (27) for the Coulomb transition matrix contains the double integration over
ϕ and ω and is rather complicated. It is easy to see that for separate values of the Coulomb
parameter γ (which correspond to certain energy values E) the integration over ϕ and ω in
Eq.(27) can be performed explicitly. In such cases, simple analytical expressions for the pertial
wave Coulomb t-matrix can be obtained.
In particular, the integration in the expressions for xγ(ω) and yγ(ω) (28) are simplified
for integer values of the Coulomb parameter γ = γn [Eq. (13)] corresponding to the energy
spectrum of bound states of the two-particle system [Eq. (12)] with the energies E = En.
Let us consider the form of the of-shell partial wave transition matrix for a repulsive
Coulomb potential of interaction between likely charged particles (q1q2 > 0) at the ground
bound state energy E = En. In this case, the Coulomb parameter, determined by the
expression (13) with n = 1, is equal to
γ = γ1 = 1 , (29)
the fourth term in the curly braces in Eq.(27), according to (14), is simplified to ρ1 sinω, and
the integration in the fifth and sixth terms is carried out as follows
x1(ω) =
∫ ω
0
dϕ sinϕ cot
ϕ
2
= ω + sinω ,
y1(ω) =
∫ pi
ω
dϕ sinϕ ln
(
sin
ϕ
2
)
= cos2
ω
2
− 2 sin2 ω
2
ln
(
sin
ω
2
)
. (30)
As a result, the formula (27) for the pertial wave Coulomb transition matrices (with l =
0, 1, 2, ...) in the case of the repulsive interaction at γ = 1 (which corresponds to E = E1)
takes the form
trl (k, k
′;−b1) = piq1q2
kk′
∫ ωpi1
ω01
dω Pl
(
2ξ1 − 1 + cosω
2η1
)
·
{
cot
ω
2
− pi cosω + ω cosω + (ρ1 − 1) sinω − 2 sinω ln
(
sin
ω
2
)}
, (31)
where, in accordance with Eq.(7),
ρ1 = 1− 2 ln 2 . (32)
The quantities ξ1, η1, ω01 and ωpi1 in Eq.(31) are determined by the expressions for ξ, η, ω0
and ωpi, in accordance with their definitions (23) and (25), taken at the point κ = κ1,
ξ1 =
κ21(k
2 + k′2)
(k2 + κ21)(k
′2 + κ21)
, η1 =
2κ21kk
′
(k2 + κ21)(k
′2 + κ21)
,
ω01 = 2arcsin
√
ξ1 − η1 , ωpi1 = 2arcsin
√
ξ1 + η1 , (33)
Note that the first term in the braces in the general expression (31 for the partial wave
Coulomb transition matrix corresponds to the Born approximation:
tBornl (k, k
′;−b1) = vl(k, k′) = 2piq1q2
kk′
Ql
(
k2 + k′2
2kk′
)
, (34)
where Ql(x) is the Legendre function of the second kind [18]
Ql(x) =
1
2
Pl(x) ln
(
x+ 1
x− 1
)
−Wl−1(x) , (35)
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W−1(x) = 0 , Wl−1(x) =
l∑
k=1
1
k
Pl−k(x)Pk−1(x) .
The fourth term in (31), which containts sinω, because of the orthogonality of the Legendre
polynomials∫ ωpi
ω0
dω sinω Pl
(
2ξ1 − 1 + cosω
2η1
)
= 2η1
∫ pi
0
dθ sin θ Pl(cos θ) = 4η1δl0 , (36)
contributes only to the partial s-wave Coulomb t-matrix.
Integrating over ω in the expression (31) in the simplest case with l = 0, we obtain
the following formula for the partial s-wave Coulomb transition matrix for two likely charged
particles (q1q2 > 0):
tr0(k, k
′;E1) =
piq1q2
kk′
{
4(ρ1 − 1)η1 − (2ξ1 − 1) ln
(
ξ1 + η1
ξ1 − η1
)
− 2η1 ln
(
ξ21 − η21
)
− [(pi − ωpi1) sinωpi1 − (pi − ω01) sinω01]} . (37)
Note, that in the case of the attractive Coulomb interaction (q1q2 < 0) the corresponding
partial s-wave Coulomb transition matrix, containing cot γpi, has the pole singularity at the
energy E = E1.
Analogously, integrating over ω in the expression (31) with l = 1 and with l = 2, we obtain
the following formulas for the partial p- and d-wave Coulomb transition matrices in the case
of the repulsive Coulomb interaction (q1q2 > 0):
tr1(k, k
′;−b1) = piq1q2
kk′
{
−1− 1
η1
[
(ξ21 − ξ1 − η21) ln
(
ξ1 + η1
ξ1 − η1
)
+
1
8
(ωpi1 − ω01) (2pi − ωpi1 − ω01) (38)
+
1
2
(2ξ1 − 1) [(pi − ωpi1) sinωpi1 − (pi − ω01) sinω01]
+
1
8
[(pi − ωpi1) sin 2ωpi1 − (pi − ω01) sin 2ω01]
]}
,
tr2(k, k
′;−b1) = piq1q2
kk′
{
− 1
η1
(
ξ1 +
3
2
)
− 1
η21
[(
ξ31 −
3
2
ξ21 − ξ1η21 +
1
2
η21
)
ln
(
ξ1 + η1
ξ1 − η1
)
+
3
16
(2ξ1 − 1) (ωpi1 − ω01) (2pi − ωpi1 − ω01)
+
(
3
2
ξ21 −
3
2
ξ1 − 1
2
η21 +
21
32
)
[(pi − ωpi1) sinωpi1 − (pi − ω01) sinω01] (39)
+
3
16
(2ξ1 − 1) [(pi − ωpi1) sin 2ωpi1 − (pi − ω01) sin 2ω01]
+
1
32
[(pi − ωpi1) sin 3ωpi1 − (pi − ω01) sin 3ω01]
]}
.
Taking into account the relations
cosωpi1 + cosω01 = −2(2ξ1 − 1) , cosωpi1 − cosω01 = −4η1 ,
which follow from Eq.(26), and the relations
(pi − ωpi1) sin 2ωpi1 − (pi − ω01) sin 2ω01 = 2(2ξ1 − 1)A− − 4η1A+ ,
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(pi − ωpi1) sin 3ωpi1 − (pi − ω01) sin 3ω01 =
[
4(2ξ1 − 1)2 + 16η21 − 1
]
A− + 16(2ξ1 − 1)η1A+ ,
where
A± ≡ (pi − ωpi1) sinωpi1 ± (pi − ω01) sinω01 ,
the formulas for partial p- and d-wave component t- (38) (39) can be written in simpler forms:
tr1(k, k
′;−b1) = piq1q2
kk′
{
−1− 1
η1
[
(ξ21 − ξ1 − η21) ln
(
ξ1 + η1
ξ1 − η1
)
+
1
8
(ωpi1 − ω01) (2pi − ωpi1 − ω01)− 1
4
[(pi − ωpi1) sinωpi1 cosω01 (40)
− (pi − ω01) cosωpi1 sinω01]]} ,
tr2(k, k
′;−b1) = piq1q2
kk′
{
− 1
η1
(
ξ1 +
3
2
)
− 1
η21
[(
ξ31 −
3
2
ξ21 − ξ1η21 +
1
2
η21
)
ln
(
ξ1 + η1
ξ1 − η1
)
+
3
16
(2ξ1 − 1) (ωpi1 − ω01) (2pi − ωpi1 − ω01) (41)
+
1
4
[(pi − ωpi1) sinωpi1 − (pi − ω01) sinω01]
−1
8
(2ξ1 − 1)[(pi − ωpi1) sinωpi1 cosω01 − (pi − ω01) cosωpi1 sinω01]
]}
.
For comparison, we present the formulas for the corresponding partial p- and d- wave
Coulomb transition matrices, which were obtained in the case of attractive interaction
(q1q2 < 0) [18]:
ta1(k, k
′;−b1) = piq1q2
kk′
{
4ξ1 − 3− 1
η1
[
(ξ21 − ξ1 − η21) ln
(
ξ1 + η1
ξ1 − η1
)
−1
8
(ωpi1 − ω01) (2pi − ωpi1 − ω01) + 1
4
[(pi − ωpi1) sinωpi1 cosω01 (42)
− (pi − ω01) cosωpi1 sinω01]]} ,
ta2(k, k
′;−b1) = piq1q2
kk′
{
1
η1
(
4ξ21 − 5ξ1 −
8
3
η21 +
3
2
)
− 1
η21
[(
ξ31 −
3
2
ξ21 − ξ1η21 +
1
2
η21
)
ln
(
ξ1 + η1
ξ1 − η1
)
− 3
16
(2ξ1 − 1) (ωpi1 − ω01) (2pi − ωpi1 − ω01) (43)
−1
4
[(pi − ωpi1) sinωpi1 − (pi − ω01) sinω01]
+
1
8
(2ξ1 − 1)[(pi − ωpi1) sinωpi1 cosω01 − (pi − ω01) cosωpi1 sinω01]
]}
.
Taking the sign difference for q1q2 in the coefficients before the braces in Eqs.(40), (41)
and Eqs. (42), (43), we conclude that the expressions for the corresponding partial wave
transition matrices in the cases of attractive and repulsive Coulomb interaction differ only in
their first terms and in the signs in front of the second terms. Other corresponding terms do
not differ among themselves.
5. Discussion and conclusion
The off-shell Coulomb transition matrix is directly connected with the Coulomb Green’s
function and includes all information about the system of interacting particles. In the previous
- 9 -
work [18], a possibility to derive an analytical expression for the off-shell Coulomb transition
matrix for two particles with the use of the Fock method of stereographic projection of the
momentum space onto a four-dimensional unit sphere was studied. In the case of the attractive
Coulomb between opposite charges (q1q2 < 0), simple analytical expressions for the partial
p-, d- and f-wave transition matrices at the ground bound state energy, i.e. i.e. E = E1,
tal (k, k
′;E1) with l = 1, 2 and 3.
Note that the knowledge of the partial wave Coulomb transition matrix tλ(k, k
′;En), the
bound state wave function and its derivatives is necessary, in particular, when determining the
electric 2λ-pole polarizability αλ (λ = 1, 2, 3, ...) of a two-particle Coulomb bound system in
the state with the energy E = En [20].
In this work, the Fock method is applied in order to derive the partial wave Coulomb
transition matrix in the case of repulsive Coulomb interaction (likely charged particles,
q1q2) > 0) at the energy E = E1. Rather simple analytical expressions are obtained for the
partial s-, p- and d-wave transition matrices at the ground bound state energy, i.e. trl (k, k
′;E1)
with l = 0, 1 and 2 [formulas (37), (40) and (41), respectively].
It is of interest, that in the case of particles with likely charges, for which bound states do
not exist at all, the simplification of expressions for the partial wave Coulomb t-matrices takes
place at the energies of the discrete spectrum of bound states for oppositely charged particles.
It should be pointed out that the possibility to have a simple analytical form for the
partial wave Coulomb t-matrix is associated with a possibility to carry out analytically the
integration over ϕ and ω in the expressions (28) for xγ(ω) and yγ(ω) and in the expression
(27) for tl(k, k
′;E). In particular, such integration can be done at the energy values that are
equal to the energies of the ground and excited bound states in the discrete spectrum En,
n = 1, 2, 3, ... [the formula (12)]. The procedure can be realized for the partial wave Coulomb
matrices trl (k, k
′;En) that describe a system with repulsive forces (with likely charged particles,
q1q2 > 0) at all values of n and l. Analytical expressions for the Coulomb transition matrices
tal (k, k
′;E) describing a system with attractive forces (with oppositely charged particles,
q1q2 < 0) can be obtained only at the values n and l that do not realize bound states at
which the corresponding transition matrix has pole singularity (at each value of n and the
values of the orbital momentum with l ≤ n− 1). The pole singularities arise, for instance, in
the partial wave Coulomb transition matrix ta0(k, k
′;E) at E = E1, in the matrices t
a
0(k, k
′;E)
and ta1(k, k
′;E) at E = E2, and so forth.
Note that the partial wave Coulomb transition matrix (27) takes the simple analytical form
not only at the energy values corresponding to the discrete spectrum of bound states (12) that
is equivalently, in accordance with (13), to integer values of the Coulomb parameter (6). A
similar simplification can also be obtained for the Coulomb parameter value γ = 1
2
, which is
equivalent to the negative energy E = 4E1.
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